In general relativity, one is supposed to derive the metric by solving the relevant Einstein equations. However, the metric for the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric has so far been obtained by starting from Weyl's postulate and eventually by geometric considerations alone. But here, instead, we rigorously derive the same by solving the Einstein equations appropriate for gravitational collapse/ expansion of a perfect fluid. The fact that FLRW metric can indeed be obtained by solving a Einstein equations shows the physical correctness of the Weyl postulate. This exercise thus complements rather than rivals the traditional derivation of the FLRW metric. During this exercise, we derive rather than merely obtain the Hubble's law. This exercise also confirms that the total energy of the FLRW universe, including matter and gravitation, is indeed given by the well known ''Misner-Sharp mass''. With this firm identification, we confirm the intuitive idea that while the ''closed model'' is gravitationally bound, the ''open model'' is gravitationally unbound.
Introduction
In general relativity (GR), one obtains the spacetime geometry 
(Note here we are using geometrical units with G = c = 1). Now recall that one can indeed obtain the metric for Einstein's static universe by solving relevant EEs by assuming the cosmic fluid to be (i) perfect (i.e., having no dissipation), (ii) isotropic and (iii) homogeneous, i.e., p 0 = 0 q 0 = 0, where a prime denotes partial differentiation with the appropriate radial coordinate. In such a case, one starts with
This procedure, however, would lead to q = 0 unless one would introduce a ''Cosmological Constant'', K. This is so because, for Einstein's static universe, one has
It is now known that the effect of K can be easily incorporated in Einstein equations by replacing q and p by their ''effective values'':
In contrast, the non-static FRW metric has been obtained by using Weyl's postulate and other geometric considerations [1] [2] [3] [4] . Though such an approach is very robust, it could be interesting to obtain the same by solving EEs as one can do the corresponding static case. In fact, Robertson [5] appeared to have first tried to solve the Einstein Equations after postulating that metric must have a form
However, eventually, he could solve only for the static case to arrive at the conclusion that in static case, one can have either a general static universe or the de-Sitter metric. And this conclusion had already been obtained by Tolman [4] . However, here we would show that the FRW metric can indeed be derived by solving relevant EEs in the original spirit of GR. The purpose of this derivation is not to undermine the traditional geometric approach but, on the other hand, to complement the same. In order to do this one needs to use the general formalism of general relativistic spherical collapse/expansion. As usual, we first assume the cosmic fluid to be a perfect one without any dissipation. Further, since in a spacetime with no preferred outward or inward direction, there cannot be any net heat flow, the motion of the cosmic fluid must be adiabatic.
General formalism for adibatic evolution
We shall be working in the comoving frame in which the fluid is at rest. Since by definition, an isotropic spacetime is spherically symmetric, we must incorporate spherical symmetry into the problem. Thus the incorporation of a spherical symmetry for a spacetime, which is by definition is isotropic, need not be seen as an assumption. The metric associated with a spherically symmetric fluid then can be described by the comoving coordinates r and t as: 
is the invariant circumference/area coordinate and dX 2 is the metric on a unit 2-sphere. Isotropy also demands that the pressure of the fluid is isotropic. Then, the comoving components of the stressenergy tensor of the perfect fluid would be
In this frame, the gravitational mass energy of the fluid within a section R = R(r, t) is given by
and, in literature, it is often called ''Misner-Sharp mass'' [6] [7] [8] [9] . This gravitational mass is essentially determined from the relationship [6] [7] [8] [9] [10] 
where Cðr; tÞ ¼ e
Here a prime and dot represent partial differentiation by r and t, respectively. It may be reminded that Eq. (10) is obtained by combining various relevant components of Einstein equations not written down here to avoid repetetion. Local energy momentum conservation leads to the two following equations [2] : One also finds [6] [7] [8] [9] 
Further, in the absence of radial heat flow one has [2] 8pT 0
Homogeneity of density
Assumed spatial homogeneity of the FLRW fluid demands that its density is uniform
Then, regularity of the metric at r = 0 requires that, for uniform density, the mass function is
Mðr; tÞ ¼ 4p 3
so that
For this constant density case, it follows that the evolution of the fluid must be shear free [10] . To see this one has to combine Eqs. (14) and (20) to obtain
Then by comparing Eqs. (12) and (21), it follows that, the evolution of a constant density sphere is shear free:
Accordingly, for a uniform density case, the no heat flow condition (17) becomes
Pressure homogeneity
In a homogeneous spacetime without a boundary, all physical quantities including pressure must be homogeneous; i.e., p 0 = 0 and p = p(t). Then assuming p + q -0, from Eq. (13), we find that
By using this in Eq. (23), we further have
But, the foregoing condition can be satisfied only if R(r, t) is separable as
Rðr; tÞ ¼ hðrÞSðtÞ; ð28Þ
where h(r) and S(t) are arbitrary functions of r and t, respectively. If so, we will have
and
Recall that, the diagonal metric (6) allows the coordinate freedom of replacing r by another arbitrary function g(r) [2] . Conversely, we may set redefine r in such a manner that h(r) = r without any loss of generality. Following this relabeling, we have
Rðr; tÞ ¼ rSðtÞ;
Now, by using Eqs. (19) and (31) in (10), we obtain
where,
However, from Eq. (15), we see that, for p 0 = 0, one has
i.e, C = C(r). This means that, in Eq. (32), K must be a true constant and
Now we define a rescaled radial coordinate
a dimensional scale factor 
where we have dropped the bar from r. Then, going back to Eq. (11), we find that
and by using Eqs. (38) and (40) in (41), we obtain,
Also, by using Eq. (40), the local energy momentum conservation Eq. (54) becomes
Coordinate freedom in choosing time
In GR, given one time label t, one can always choose another time level t ⁄ such that [2] t ! t Ã ¼ f ðtÞ ð 44Þ
For gaining an insight, we shall make use of this coordinate freedom even before enforcing the conditions of density and pressure homogeneity. To progress in this direction, we integrate Eq. (13) 
As a detour, note from Eqs. (46) and (47) that, for p = 0, gðr; tÞ ¼ nðr; tÞ ¼ 0;
Therefore, one would naturally have m(r, t) = 0 even for an inhomogeneous dust. And this may explain why the interior of a homogeneous dusty fluid too is described in the FLRW metric [6, 11] . Now we revert to our original scenario of a homogeneous and isotropic fluid with q 
As before, we may drop the asterisks in the above equation to obtain
Finally using Eqs. (40) and (42) in the foregoing equation, we obtain the FLRW metric as
Friedman equations
Since for this new time label, m(t ⁄⁄ ) = m(t) = 0, Eq. (39) gets sim-
and thus we obtain one of the Friedman equations in the form of Eq. (60). To obtain another important dynamic equation, we differentiate Eq. (60) by t:
By using Eq. (43) in the foregoing equation, we obtain the acceleration equation of the FLRW model
As mentioned before, the effect of a cosmological constant K can be taken into considerations by replacing q ? q e = q + K/8p and
And now it is clear why one must have q e + 3p e = 0 for a GSU.
Discussions
Previously, in the context of homogeneous dust collapse, various authors [11, 12] have obtained the FLRW metric by solving Einstein equation by considering p = 0. However, to the best of our knowledge, this is the maiden rigorous derivation of the FLRW metric which used a general perfect fluid and not merely a dust. Such an exercise is in conformity with the spirit of GR which insists that spacetime geometry must be obtainable from matter energy momentum distribution.
Recall that, in GR, to begin with, all coordinates are mere labels till they are identified with geometrical or physical quantities. Thus, if one would obtain the FLRW metric by purely geometrical means, one would never be able to confirm that the coordinates x 0 and x i are indeed comoving coordinates. True, one can solve the Einstein equations and get nice results byassuming them to be comoving coordinates. But this is not absolute verification. In contrast, by deriving the FLRW metric by solving Einstein' equations in the comoving frame, we confirm that the time label x 0 and the radial coordinate x 1 occurring in the geometrical derivation are indeed the comoving proper time t and comoving radial coordinate r, respectively. Thus, the derivation of FLRW metric directly from Einstein equations raises the physical significance of the FLRW metric. It is also interesting to note that the Friedman equations got derived parallelly as one derived the metric. This is exactly the reverse of the traditional approach where one postulates the metric on the basis of Weyl's posulate and then allows it to satisfy Einstein equations. Hence, we showed that: Essentially we made use of the GR formalism of spherical gravitational collapse/expansion of a perfect fluid to derive the FLRW metric by solving EEs for the first time. In particular, we showed that there (i) exists a universal time as g 00 = g 00 (t) alone and (ii) the spatial section has constant curvature. This approach is exactly opposite to the traditional approach invoking Weyl's postulate where one starts by assuming that (i) there exists a universal time and (ii) the spatial section has constant curvature. Thus this derivation effectively proved the Weyl's postulate and complemented the traditional approach.
Hubble's law
If one would start from geometric form of FLRW metric, one implicitly assumes the circumference coordinate as
And by partially differentiating this by x 0 , one would trivially obtain _ R ¼ HR, which is Hubble's law. Yet, this can hardly be called a ''derivation'' because the Eq. (65) is already steeped into the FLRW metric.
However, here we found that one can indeed derive the precise Hubble's law. And this derivation is quite non-trivial: (i) first one needs to prove that homogeneity of density implies shear free motion (Eq. (22)), next (ii) one needs to feed this shear-free condition into Einstein Eq. (17) describing the no heat flow condition. Such a derivation of Hubble's law in curved spacetime establishes deeper connections between FLRW cosmology, traditionally derived by using symmetry considerations, and actual Einstein equations. But here we derived Hubble's law by studying adiabatic gravitational collapse formalism for which there is no heat or matter flow. Of course, by using the FLRW metric in the Einstein equation, one can independently verify that T 1 0 ¼ 0 and which implies no heat or matter flow. Conversely, a strict Hubble's law would demand that, there is no flow of mass-energy in the comoving frame, neither in the form of bulk flow of galaxies nor in the form of any radiation or heat (if FLRW model would be a correct one). Then the question would appear, in the absence of heat/radiation flow, how does a comoving observer sees super novae explosions and gamma ray bursts from distant comoving galaxies?
Eq. (30) shows that Hubbles law in its pristine form does not involve the proper radial distance lðr; tÞ ¼
On the other hand, it simply involves, the invariant circumference/ area distance R(r, t) = r a(t). However, note that, for the k = 0 case Rðr; tÞ ¼ lðr; tÞ ð 67Þ
It is also seen that, k ¼ þ1; À1 the Hubble's velocity is no radial proper velocity in the sense defined by Landau and Lifshitz [3] :
where the element of proper radial distance is
even though, proper time interval along the worldline (geodesic) ds = dt. On the other hand, since C ¼ 2pR is the invariant circumference on which the observed galaxy is situated, we find
i.e., V H is essentially the rate of expansion of the circumference containing the test galaxy with respect to the universal (proper) time. Nonetheless, we may differentiate Eq. (66) by t to obtain
Accordingly, if we would define a modified Hubble velocity
then we can formulate Hubble's law in terms of proper radial distance:
Note that even this
We feel that, for Hubble's law, the form (70) is to be preferred here as it involves invariant distance R, which is in turn related to the luminosity distance d L = R(1 + z), where z is cosmological redshift.
Gravitational potential energy
In the context of the FLRW model, it is common to see that (4p/ 3) qR less, if one would have only geometrical derivation of the metric, such an assignment is not rigorous because the metric itself does not relate to the problem of ''gravitational collapse'' or T a b . In contrast, by deriving the FLRW metric by directly using the formalism of ''gravitational collapse'', we confirmed that the energy of the FLRW universe is nothing but the Misner-Sharp mass M as is the case with any other spherically symmetric self-gravitating fluid.
This was expected as it is known that, in spherical symmetry Misner-Sharp mass is the best measure of the total energy of the spacetime [13] . Further, it coincides with several definitions of quasi-local mass [14] . More importantly, Hernandez and Misner [14] showed that Misner-Sharp mass can be identified as an important and interesting geometrical scalar of the spacetime:
where R ab cd is the Riemann tensor. Thus total energy of FLRW universe including matter and gravitation is
Here r 0 is the appropriate upper limit of r. This may be compared with the total (proper) matter energy content [2, 15] EðmatterÞ ¼
The difference between the two should correspond to the gravitational potential energy [2, 15] E g ¼ M À EðmatterÞ ¼ 4pqa
Though, we considered here the full range of r in the above integrations, in view of the assumed homogeneity of the spacetime and also because of absence of any definite center or edge, in the cosmological context, one may consider arbitrary value of r. This proves that, irrespective of the range of the above integration, E g < 0 for the closed k = 1 case and E g > 0 for the open k = À1 case. On the other hand, for the marginally open boderline case k = 0, one would have E g = 0 in arbitray spherically symmetric region. Although, such results are well known for Newtonian cosmology, to the best of our knowledge, in the general relativistic case, this is the first explicit demonstration that while the ''closed model'' is gravitationally bound, the ''open model'' is gravitationally unbound.
New results
As far as the form of the FRW metric is concerned, there is obviously no new result here. However what is New here is the maiden derivation of the FRW metric by solving Einstein equations directly. We also presented a geometrically appealing new form of Hubble's law through Eq. (70). Further, we obtained an expression for the gravitational binding energy of the FRW universe. Finally, by using this expression for binding energy, we categorically showed why an ''open model'' is physically open and why a ''closed model'' is physically closed.
